A mechanism to construct asymptotically flat, isolated, stationary black hole (BH) spacetimes with no Z2 (NoZ) isometry is described. In particular, the horizon geometry of such NoZ BHs does not have the usual north-south (reflection) symmetry. We discuss two explicit families of models wherein NoZ BHs arise. In one of these families, we exhibit the intrinsic horizon geometry of an illustrative example by isometrically embedding it in Euclidean 3-space, resulting in an "egg-like" shaped horizon. This asymmetry leaves an imprint in the NoZ BH phenomenology, for instance in its lensing of light; but it needs not be manifest in the BH shadow, which in some cases can be analytically shown to retain a Z2 symmetry. Light absorption from an isotropic source surrounding a NoZ BH endows it a non-zero momentum, producing an asymmetry triggered BH rocket effect.
A mechanism to construct asymptotically flat, isolated, stationary black hole (BH) spacetimes with no Z2 (NoZ) isometry is described. In particular, the horizon geometry of such NoZ BHs does not have the usual north-south (reflection) symmetry. We discuss two explicit families of models wherein NoZ BHs arise. In one of these families, we exhibit the intrinsic horizon geometry of an illustrative example by isometrically embedding it in Euclidean 3-space, resulting in an "egg-like" shaped horizon. This asymmetry leaves an imprint in the NoZ BH phenomenology, for instance in its lensing of light; but it needs not be manifest in the BH shadow, which in some cases can be analytically shown to retain a Z2 symmetry. Light absorption from an isotropic source surrounding a NoZ BH endows it a non-zero momentum, producing an asymmetry triggered BH rocket effect. Introduction. Knowledge of black hole (BH) physics is to some large extent based on exact solutions. Of central importance is the Kerr-Newman (KN) spacetime [1, 2] , which according to the uniqueness theorems (see [3] for a review) is the most general, non singular (on and outside an event horizon) stationary, single BH solution of Einstein-Maxwell theory. The spatial sections of the event horizon of KN BHs are, geometrically, squashed spheres [4] . These surfaces, moreover, have an antipodal isometry: the metric is invariant under a parity transformation (θ, ϕ) → (π−θ, ϕ+π) in the standard Boyer-Lindquist coordinates [5] . Due to the axi-symmetry of the solution this implies that the spacetime geometry, and in particular the horizon, has a Z 2 symmetry: the northern and southern hemispheres are isometric. There is also an unambiguous equator corresponding to the set of fixed points of the Z 2 isometry. An analogous (with adequate generalisations) antipodal isometry is widely acknowledged to be present in all known isolated BHs in all dimensions (see e.g. [6] ).
These observations raise the following question: in four spacetime dimensions, can an isolated, asymptotically flat, stationary BH spacetime, free of singularities on and outside the event horizon, have a non Z 2 isometric horizon? Here we show the answer is yes, unveil a generic mechanism to construct non Z 2 (NoZ) invariant BHs, and discuss how some observables manifest the Z 2 symmetry violation. Scalar deformations. To search for non NoZ BHs one must go beyond electrovacuum. The simplest additional matter content one may consider are scalar fields. The existence of different examples of BHs with scalar hair, e.g. [7] [8] [9] [10] [11] [12] [13] , some of which with rather different physical properties than KN (see e.g. [14] ), justifies this choice. To establish a proof of principle, we consider deforming the KN geometry through a real scalar field φ. Starting with the test field limit, φ is nonminimally coupled to the fixed KN background, via some tensorial scalar invariant source term J , constructed from the KN metric and gauge field. Its Lagrangian density is
For concreteness we take f (φ) = e −2αφ , corresponding to an often considered non-minimal coupling, occurring naturally in, say, String Theory [15] , and Kaluza-Klein theory [16] . The specific choice of the constant α = 0 is not central for our discussion. Below we shall also comment on other couplings. Employing the conventions in [17] , the (dyonic) KN metric is
where
are the ADM mass, angular momentum, electric and magnetic charges of the BH, respectively. The gauge connection is A = Qr [ω t − P cos θω ϕ ] /Σ.
The scalar field equation derived from (1) is:
We may now observe the following generic mechanism. For a Z 2 invariant background, such as KN, the d'Alembertian operator is Z 2 even. But not all scalar invariants constructed from the KN metric and gauge field are Z 2 even; some are Z 2 odd and some are not Z 2 eigenstates. Choosing one non-Z 2 even term as the source J , the scalar field (and its energymomentum tensor) will be neither even nor odd under the Z 2 transformation, and when considering its back reaction, if regular on and outside the horizon, it will lead to a NoZ BH (with scalar hair).
An electromagnetic source. Let us illustrate this mechanism with an electromagnetic source. The simplest KN electromagnetic invariant that is not a Z 2 eigenstate is
where F µν is the Maxwell tensor. Indeed, for the KN solution:
Whereas the first term in the square brackets is Z 2 even, the second is Z 2 odd. Thus, in the generic case with all (M, J; Q, P ) non-zero, the is not an eigenstate of the Z 2 isometry of the KN background θ → π − θ. If this invariant sources a scalar field via (2), such scalar field is not a Z 2 eigenstate, for any α = 0. Moreover, this source allows non-singular solutions of the scalar field on and outside the event horizon, as confirmed by the existence of regular (fully non-linear) Einstein-Maxwell-dilaton BHs [18] .
In Fig. 1 we plot the amplitude of the scalar field on a KN background with (J; Q, P ) = (0.6; 0.4, 0.6) [19] . This was obtained by solving numerically (2) with (3)- (4) and α = 1. Such analysis confirms the solution is regular everywhere on and outside the horizon, vanishes asymptotically and it is not a Z 2 eigenstate, as it is clear from the plot. The failure to be a Z 2 eigenstate can be analytically checked in the far-field, where the scalar field solution reads φ(r) = Q s /r + (e + f cos θ)/r 2 + . . . ; the constants Q s , e, f depend on the background parameters. The sub-leading 1/r 2 term, for instance, is generically not a Z 2 eigenstate. The solution plotted in Fig. 1 is obtained in the test field limit. To establish the existence of NoZ BHs the scalar field backreaction must be considered. To obtain such fully nonlinear solutions, and the corresponding deformed BHs, we couple the scalar field Lagrangian to the gravitational action. For simplicity, we use the electromagnetic source (3). Thus, we consider the model described by the action
(5) For the main question here, qualitative difference are not expected for any α = 0. Thus, as an example, we focus on the special case with α = √ 3. This is the well known KaluzaKlein Einstein-Maxwell-dilaton model, wherein the generalisation of the KN solution, a rotating dyonic BH, is known [20] [21] [22] (see also [23] ). This BH is characterised by the same four parameters (M, J; Q, P ) as the KN solution, but KN is not a special case of this BH (whereas the Kerr solution is).
According to our previous discussion, these BHs should fail to have (in the generic case, when all parameters are nonvanishing) a Z 2 isometry. To establish this hitherto unnoticed fact, it is enough to observe that the metric and the matter functions of this solution are combinations of building blocks of the generic form U (r, θ) = a 0 + a 1 cos θ + a 2 cos 2 θ, with a i = a i (r; M, J; Q, P ). As such, the solution is not, generically, Z 2 isometric.
We can now focus on the horizon geometry of one of these BHs [24] . The spatial sections of the event horizon have an induced metric of the form dσ
c j cos j θ), and b i , c i have cumbersome expressions in terms of (M, J; Q, P ). It is obvious that no Z 2 isometry exists in the generic case, the usual northsouth symmetry being lost. This is illustrated in Fig. 2 , where the embedding of the induced horizon metric in Euclidean 3-space of some solutions are shown. The construction of these embeddings follows a standard procedure [4] . One observes this intrinsic geometry has an "egg-like" shape. A gravitational source. As a second model wherein NoZ BHs occur, we again start with a test field analysis, but specialise for simplicity the KN background to the uncharged limit (Kerr, Q = 0 = P ) and consider a scalar-tensor model (no Maxwell field). Whereas the Kretschmann invariant, R µναβ R µναβ , is Z 2 even, thus unsuitable to be the source for the purpose in sight, the Pontryagin density is Z 2 odd. Consequently, we take the latter as the source term:
where ξ is a dimensionful coupling constant ([ξ] =Length 2 ), and αβστ are the components of the Levi-Civita tensor. For Kerr, the Pontryagin density is compactly written as *
confirming it is Z 2 odd. Again, this source allows non-Z 2 symmetric, non-singular solutions of the scalar (test) field on and outside the event horizon, similar to those in Fig. 1 .
In this example, unlike the case of the electromagnetic source, fully non-linear solutions in closed analytic form are unknown and, likely, do not exist. Such solutions can, however, be constructed numerically, following [25] , in the corresponding non-linear model: [26, 27] . In the latter, therefore, the source term (7) gives rise to a Z 2 odd scalar field, which is compatible with a Z 2 even geometry [28] [29] [30] .
We have confirmed that the Z 2 symmetry is lost for BH solutions of (8) with any α = 0. Using the same coordinate system as in [25] , we define the "equatorial" plane as corresponding to the value of θ = θ 0 which maximizes the proper length L θ = 2π 0 dϕ g ϕϕ (r H , θ) of a θ =const. circle on the induced horizon metric. For the KN metric (or the solutions in [25] ), L θ is maximized for θ 0 = π/2. This is not the case for the generic BH solutions of (8) . We define the following measure for the
p ) is the proper length from the north (south) pole to the "equatorial" plane, L
In Fig. 3 (top panel) we exhibit the deformation for a subset of solutions of (8) . In the region where these numerical solutions are enough accurate, is no larger than a few percent, and the most significant Z 2 symmetry violations are found for near extremal BHs. By comparison, ∼ 0.2 for the solution in Fig. 2 . Thus, within the domain analysed, Z 2 deformations within model (8) are barely visible in an embedding diagram. Still, the Z 2 symmetry violation is clear, as shown in Fig. 3 Phenomenology. What could be the phenomenological impact of the absence of a Z 2 isometry? A simple diagnosis can be performed using null geodesics as phenomenological probes. To maximise the Z 2 violation effects we analyse model (5) rather than (8) . We have performed ray tracing (following [14] , see also [31] ) in an illustrative NoZ dyonic rotating BH, and exhibit in Fig. 4 its gravitational lensing.
Each point's colour in Fig. 4 encodes the geodesics's initial position: green (light blue) color denote geodesics that have their origin on the north (south) hemisphere of a far-away celestial sphere, enclosing both the BH and the observer. The first relevant feature of the image is that, even though the observer is placed on the (would be) equatorial plane surface θ = π/2, the colored pattern is not Z 2 symmetric, as can be apparent by interchanging the green/light blue colors. This further implies that θ = π/2 is not a totally geodesic submanifold, as it would be in the case of spacetimes with a Z 2 isometry. The black region in Fig. 4 is associated to null geodesics that would have their origin on the event horizon surface, and forms the BH shadow [32] . The latter is a direct probe of the geometry close to the BH, wherein the fundamen -FIG. 4 . Lensing and shadow due to a NoZ dyonic BH with (J, Q, P ) (0.22, 0.15, 1.5). The green (light blue) colour light is emitted by the north (south) far away celestial sphere. The image is for an observer on the θ = π/2 plane. The inset shows the shadow contour and its Z2 reflection. Both curves coincide. Thus, despite the lack of Z2 of the lensing, the shadow is Z2 symmetric.
tal photon orbits are found [33] ; it is an observable of ongoing astronomical observations [34, 35] .
The second (surprising) relevant feature in Fig. 4 is that the shadow edge displays a Z 2 reflection symmetry, as illustrated by the inset of Fig. 4 . This can be shown analytically. The Hamilton-Jacobi equation for null geodesics turns out to be fully separable for these dyonic BHs. Liouville integrability for null geodesics follows from the existence of a non-trivial fourth Carter-like constant of motion K, associated to a conformal Killing tensor [36, 37] . The null geodesic equations for the θ-sector can be put in the form h(p 2 θ , K, L/E, θ) = 0, where p µ is the 4-momentum, and E ≡ −p t , L ≡ p ϕ . Given an observer with fixed θ, if a detected geodesic {p θ , K, L/E} is part of the shadow, then the geodesic with {−p θ , K, L/E} must also be part of the shadow, as a consequence of the h functional dependence on p 2 θ , and the radial sector independence on this transformation. Since the vertical axis of Fig. 4 is proportional to p θ , this implies that the shadow must be Z 2 symmetric, regardless of the observation angle θ. This shadow symmetry is non trivial; indeed the spherical photon orbits responsible for the shadow edge [33, [38] [39] [40] are in this case (generically) not Z 2 symmetric with respect to θ = π/2, in contrast to the Kerr case. This example sharply illustrates that the BH shadow is not a faithful probe of the event horizon geometry [40] .
Yet, the Z 2 symmetry of the shadow (at any observation point) does not guarantee the overall light absorption by the BH is north-south symmetric, since the shadow seen at the north and south poles has a different size (an analogous effect should occur for time-like particles). As a consequence of this the BH may acquire a thrust due to the asymmetric momentum absorption, leading to a BH rocket.
Consider that each point of the celestial sphere is a (quasi)-isotropic radiation source of light rays with L = 0. Each light ray is parametrised by the inclination angle α ∈ [−π/2, −π/2], with α = 0 pointing to the BH center - Fig. 5 . The z-momentum flux P em z emitted at the source is P flux P ab z absorbed by the BH take p z = d 2 P z /(dN dA) = −P (cos α cos θ − sin θ sin α) Θ(α), where P is the momentum density per photon, per area and Θ is a step function which is 1 (0) if α is part (not part) of the BH shadow. Since the shadow is symmetric for every static observer the step function restricts the α domain into α ∈ [−α o , α o ], where α o (θ) computes the shadow size for each θ. The BH absorbed momentum is then P duχ, for the BH in Fig. 2 |P S | is ∼ 7% larger than |P N |, triggering a "thrust" in the positive z direction, which is consistent with a larger shadow seen from the south pole, cf. Final Remarks. In the presence of a negative cosmological constant static BHs exist without any spatial continuous symmetry [41] , since asymptotically Anti-de-Sitter spacetimes allow boundary conditions that anchor horizon deformations. This is not so in asymptotically flat spacetimes. Still, the construction herein shows that non-minimal couplings allow isolated, regular on and outside an event horizon, stationary BHs
